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Abstract. We construct a version of the lattice homology for plane curve singularities us- 
ing the normalization of their components. We prove that the Poincare series of the associated 
^T) • graded homologies can be identified by an algebraic procedure with the motivic Poincare se- 

ries. Hence, for a plane curve singularity the following objects carry the same information: 
. the multi-variable Alexander polynomial, the multi-variable Hilbert series associated with the 

normalization, the motivic Poincare series, and the Poincare series of the newly introduced lat- 
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?H ■ tice homology. We also conjecture a relation of this lattice homology with the Heegaard-Floer 
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homology of the corresponding link. 



■ 1. Introduction 

Let C = Ul^iCi be a reduced plane curve singularity at the origin in C^, where Ci are the ir- 
reducible components. Let 7j : (C, 0) — )■ (Ci, 0) be some uniformizations of these components. 
We define r integer- valued functions on the C-algebra O = Cc^.o by 

t),(/) = 0rd(/(7.(t))), 

and a Z*" -indexed filtration 

J{v) = {f eOM)>vJorsi\i}. 

^ ■ Campillo, Delgado and Gusein-Zade considered in flU the Poincare series of the filtration J{v) 
^ . defined as the integral with respect to the Euler characteristic over the projectivization of O: 

!>■ (1.0.1) P(ti,...,t,)= / t\^-...-f/dx. 

Jvo 

^ I The Poincare series P can be related with several topological and analytical objects. 

For example, Campillo, Delgado and Gusein-Zade have shown in [4J that P basically is 
the multi- variable Alexander polynomial of the link of C (the intersection of C with a small 
three-dimensional sphere centered at the origin). For the precise statement see Theorem 12.1.11 
A more analytic invariant is the Hilbert series H associated with the filtration {J(v)}v, it 
has coefficients h{v) = dim (9/ J (i;), see Definition l2.2.1[ It is known that P and H determine 
each other, see [|3]|TT], in section |2] we reprove this fact. 

Finally, we consider the motivic version of the Poincare series as well ([|5ir71[T2l): 

(1.0.2) P,(ti,...,t,;g) = / ■ ...■f;d^i. 

Jvo 

Here ji denotes the motivic measure on ¥0 Since Pg can be derived from the coefficients 

of H as well, see subsection l2.4l Pg carries the same information as H and P. Nevertheless, all 
these invariants capture different aspects and highlight different geometrical structures of the 
local plane curve singularities. 

This note introduces another object, the lattice cohomology of the singularity. In [fTTl the 
lattice cohomology of a normal surface singularity was introduced via the lattice provided by 
its resolution graph (or plumbing graph of the link). The invariant created a bridge between the 
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analytic invariants of the singularity with several topological ones of the link, namely Seiberg- 
Witten and Heegaard-Floer theories. The goal of the present construction is similar; neverthe- 
less here we rely on a different lattice: the needed weight function is provided by the normal- 
ization, by the coefficients h{v). (In order to eliminate any further confusion, we will call the 
present invariant "lattice homology via normalization"). 

In short, the definition runs as follows. The lattice complex is generated over Z[[/] by 
elementary cubes □ of all dimensions in W, with vertices in the lattice Z^. For such a cube we 
define h(n) = maxa-gnnz'^ h{x). The differential is defined as 

i 

where are the oriented boundary cubes of □, and Si are the corresponding signs. 

The complex is naturally -filtered: the subcomplex C~{v) is generated by the cubes 
contained in the positive quadrant originating at v. Our main theorem describes the homology 
of the subcomplexes C^{v) and the associated graded complexes gr„ for all v. 

Theorem 1.0.3. (1) The homology of C-{v) is given by H*{C-{v)) = Z[U][-2h{v)]. 
Hence, the Poincare series for this homology equals 

(2) The Poincare polynomial of the homology o/gr^ C~ is given by the formula 

where Hy{q) is the coefficient in the motivic Poincare series: 
Pg{t,,...,tr;q) = J2Hv{q)tT---tr''^. 

V 

We prove the parts of this theorem as Theorem 14 . 2 . 2 l and Theorem l4.3.2[ The main ingredient 
is the structure of the Orlik-Solomon algebras associated with central hyperplane arrangements. 

Corollary 1.0.4. The polynomial {—l)^^'"''Hy{—t) has only non-negative coefficients. 

Corollary 1.0.5. The generating function for the Euler characteristics ofgi^ , 

V 

equals P{ti, . . . , tr). Hence, it can be expressed by the multi-variable Alexander polynomial. 

Motivated by Theorem 1 1 . . 3 1 and Corollary 11.0.51 we formulate the following 

Conjecture 1.0.6. The graded homology o/gr C~ is isomorphic to the Heegaard-Floer homol- 
ogy HF- of the link ofC f [|2ll |22l |23l El, see also [|26lJ. 

We compare various structural properties of both homology theories and show that the con- 
jecture holds for r = 1. We also compute the homology of gr in other examples and match 
them to the Heegaard-Floer homology. 
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2. HiLBERT FUNCTION 

2. 1 . The Poincare series of multi-index filtrations. Let us fix a local plane curve singularity 
with r irreducible components as in the introduction. Set Kq = {1, . . . ,r}. Let Cj denote the i- 
th coordinate vector in Z''. For a subset C Kq we write ex = J2ieK ^ ~ = 

For a vector v we set vk = Y^ieK "^i^i- 

Furthermore, let P be the series defined in (II. 0.11) . and A(ti, . . . , t^) be the multi- variable 
Alexander polynomial of the link of C . Then the following holds. 

Theorem 2.1.1 (M). If r = 1, then P{t){l -t) = A{t), while if r > 1, then 
(2.1.2) P(ti,...,t,) = A(ti,...,t,). 

2.2. The Hilbert series of multi-index filtrations. We set a partial order on II' by 

u ^ V <^=^ Ui < Vi for all i. 

We define r integer-valued functions on C = Oc^.o by t)j(/) = Ordp (/ {^{t))), and a 
Z"" -indexed filtration 

Jiv) = {feO\x>if)yv}. 

Note that the ideals J{v) are also defined for negative values of v. This filtration is decreasing 
in the sense that ifu^v, then J{u) D J{v). 

Definition 2.2.1. Let h{v) = dimO/J{v). We define the Hilbert series of a multi-index filtra- 
tion J as the series 

(2.2.2) H{tu...,tr) = J2 h{v)-tl^---e;. 

V 

Furthermore, we define the set 5 := G V : there exists f E O with d(/) = v} as well. 
It is called the semigroup of f. From the definition one gets the following elementary facts. 

Lemma 2.2.3. S = {v E Z>q : h{v + e^) > h{v) for every i = 1, . . . ,r}. Furthermore, fix 
any ^ v and e^. Then h{v + Cj) = h{v) + 1 if there is an element u E S such that Ui = v-i and 
Uj > Vjforj 7^ i. Otherwise h{v + Cj) = h{v). In particular, H and S determine each other. 

Proof. If h{v + Cj) > h{v) for all i, then there exist functions /j such that t)j(/i) = Vi and 
> Vj for j 7^ i. Therefore t)(^^^^ Kfi) = v for generic coefficients Aj. For the second 
part note that h{y + ei) — h{v) = dim J{v) / J{v + ei). This quotient space is trivial if there is no 
function / such that t)j(/) = Vi and t)j(/) > vj for j ^ i. Otherwise it is one-dimensional. □ 

The following lemma is a variation of the analogous statement from [|3l. 

Lemma 2.2.4. The series H and P are related by 

(2.2.5) P{h, ...,U) = -H{h, t-i). 
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At the level of coefficients this reads as follows. Define the integers 7i{v) by the equation 

(2.2.6) P{h,...,U) = Y,ii ■■■^7 

V 

Then 

(2.2.7) 7i{v)= J2 i-iy^'^-'hiv + eK). 

KcKq 

We will invert the equation (|2.2.7I) . namely, we express the integers h{v) from the Poincare 
series Pc- First note that 

(2.2.8) = /;,(max(t;,0)), 

where max(f , 0)i = f j if f j > and = otherwise. Hence it is enough to determine h{v) for 

^ f only. The series Ylio-<v h{v)t'" will be denoted by H(t) \o^y. 

Next, for a subset K = {ii, . . . , C Kq, K ^ ij}, consider a curve Ck = ^ieRCi- As 
above, this germ defines a ji^'l-index filtration of Oc^fi, hence it provides the Hilbert series 
Hcjf of Ck in variables {Uji^K- 

V 

By construction, for C i^o one has Hcj^iU^, ... ,ti^^.^) = Hdh, . . . ,tr)\t,=o i^K', or 

(2.2.9) if i;i = for all i ^ K, then h^{v) = h{v). 
Analogously, we have the Poincare series of Ck' 

P^ih, ...,U)= PcAtn, . . . , t,,, ) = 5^ C ■ ■ ■ ■ ^''(^)- 

V 

By definition, for K = take tx^{v) = 0. Note that from h{v) one can recover any P^: first 
computing by (12.2.91) and then recovering P^^ from H^"^ using (12.2.71) . 

Although by [|29ll P determines the embedded topological type of C, hence all the series P^ 
for all subsets K C Kq as well, the analogue of (12.2.91) is not true for the pair ir^ (v) and 7i{v). 
Indeed, the "restricting relation" ([28]) is of type 

(2.2.10) P^'"\iii(t„ . . . , t.) = Pit,, . . . , t.)k.=i ■ ^^_tic^,c.)y..^^_tic.c.)y 

where (Cj, Cj) denotes the intersection multiplicity at the origin of the components Ci and Cj, 

1 ^ j. This also shows that given these intersection multiplicities one can recover by induction 
P^ from P easily. 

The following theorem was proved in [TT] as Corollary 4.3. For the completeness of the 
exposition we present a proof of it (which is slightly different from hi LI ). 

Theorem 2.2.11. The following equation holds: 

(2.2.12) g(ti,...,t,)|o^.= ,^ _ , ^ Y. (-l)"""'(n^O -^""^^i'---'^^)- 

Proof. The identity (12.2.121) for the generating series is equivalent to the following identity for 
their coefficients: 

(2.2.13) h{v) = J2 (-1)"""' E ^""H- 
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We will prove the identity (|2.2.13l) by a two-step induction: the first induction is by the number 
of components r, and the second one (for fixed r) is over the norm \v\ = 

Ifr = 1. then (12.2.71) implies that tc(v) = h{v + l) — h{v). Therefore J2o<u<v-i'^i'^) = H^) 
since h(0) = 0. 

Let us prove (12.2.131 ) for the case when at least one of coordinates Vi vanish. We can assume 
that = 0. By the induction assumption we get 

hiv) = h^''-'''-'\v,,...,Vr-,)= (-1)"""' E ^''(")- 

Kc{l,...r~l} O^u^vk-sk 

On the other hand, in (12.2.131 ) for all K C Kq with r E K we get the vacuous restriction 
< Mf. < — 1, hence we get nontrivial contribution only from terms with K C {1, . . .r — 1}. 

Suppose now that v has no vanishing coordinates and we proved (12.2.131 ) for v — e/< for all 
non-empty subsets K C Kq. We can rewrite (12.2.71 ) as a linear equation on h(v): 

n{v-e)= J2 (-ir'^'l-'M^-ex). 

KcKo 

By the induction assumption for 7^ we have 

McKo Q<u<{vM~eKnM-e.M) 

and we should establish the same identity for K = Therefore we have to prove that 



(2.2.14) ^{v-e)=Y. ^_iy-\K\MM\ ^ 

KcKo McKo 0<u<{vM—eKnM—eM) 



Let us fix M and u ^ v — e and sum the expression (— l)'^' over all sets K C Kq such that 
Ui < Vi — 2 for i E K n M. This sum does not vanish iff M = Kq and Ui = Vi — \ for all i. 
This proves (12.2.141) . □ 

Corollary 2.2.15. The restricted Hilbert function H{t)\Q^^ of a multi-component curve is a 
rational function with denominator YVi=i{^ ~ ^i)^- 

Example 2.2.16. Consider the singularity A2ri-i. Its Poincare series is l+tit2 + - • - + (^1^2)""^, 
and the Poincare series of both its components equals 1/(1 — t). The Hilbert series is 



Therefore, for non-negative integers (f 1, ^2) one has 

h{v)- 



max(t>i, t>2), if min(t>i,t>2) < n 
Vi + V2 — n, otherwise. 



Figure [Hillustrates this formula for the Hilbert function for A3 singularity. The points corre- 
sponding to the semigroup S are marked in bold. 

Example 2.2.17. Consider the singularity D^, that is, equation y ■ (x^ — y^) = 0. Then 

P(tl,t2) = 1 + tltL A(tl) = ^^,P2(t2) = ^T^%^^^ 

i — ti 1 — 12 
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Figure 1 . Values of the Hilbert function for A3 




Figure 2. Values of the Hilbert function for D5 



One can check that h{vi, f 2) for non-negative vi and f 2 is (see Figure |2] too): 



h{vi,V2) 



vi, if f2 < 3, fi > 

Vi + 1, if f2 = 3, fi > 

V2 — 1, if fi < 2, f2 > 2 

^1 + ^2- 3, iffi>2,f2>4 

^0, 1, 1, if fi = and V2 



0,1,2. 



2.3. Some properties of the Hilbert function. For any i e Kq let /Xj and Si (respectively 
n{C) and S{C)) be the Milnor number and the delta invariant of Ci (respectively of C) ([[TlfTOl'). 
Then, cf. (El, fn = 26i, and fi{C) + r - 1 = 26{C). Define / = (/i, . . . , by 

li = fi, + J2iCj,Ci). 

It is known that the Alexander polynomial is symmetric in the following sense 
A{t^\ . . . , t;') = (J[ t]-''^ ■ A(ti, . . . , U) for r > 1, 

A(ri) = r'^(^)A(t) for r = 1. 
This can be compared with the following. 
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Lemma 2.3.1. fUZlOj The Hilbert function satisfies the following symmetry property: 
(2.3.2) h{l - v) - h{v) = 5{C) - \vl 

where \v\ = Yl'i=i'^i- 

Remark 2.3.3. Consider v ^ I. It follows from (12.3.21) that h{v) = \v\ — 6{C). This can be 
verified by the identity (12.2.131 ) as well. Indeed, for li^l = 1 we have J2o<u <v -i^^ i^) ~ 
Vi - 6{Ci), for \K\ = 2 we have ^ 7T^''^Hui, Uj) = P^^'^^l, 1) = {d, Cj), while P^(ei^) = 
for \K\ > 2. Hence h{v) = J2^{v, - 6{Ci)) - C,) = \v\ - S{C). 

The identity h(v) = \v\ — 5{C) and Lemma [2 . 2 3 1 give that v E S whenever v ^ / (hence, in 
fact, I is the conductor of S). This fact combined again with l2.2.3] gives 

Corollary 2.3.4. For any basic vector Cj and n > k one has h{y + {n + l)ei) — h{v + nei) = 1. 

The next property is not used in the present note, nevertheless we add it since it contains the 
key observation which will be used in a forthcoming article with applications in deformations. 

Proposition 2.3.5. (a) Let f be a deformation of f, where f and f are irreducible. Then 

hfiy) < hfi{y) for every V. 

(b) Let a (possibly reducible) curve C be a deformation of an irreducible curve C. Then 
hc'iv) > he {\v\) for every V. 

Proof, (a) For any function g the intersection multiplicity of g with / is greater or equal to the 
intersection multiplicity of g with /'. Therefore Jf'{v) C Jf{v) and 

hf{v) = codim J/(t;) < codim J//(f) = hf/{v). 

(b) Consider a function g from .Jc (v). Its orders on the components of C are greater or equal to 
the corresponding components of v, hence the intersection multiplicity of g with C is greater or 
equal to |t> | . Hence the intersection multiplicity of g with C is greater or equal to \v\. Therefore 
Jc'{v) C Jc{\'v\) and/ic-dfl) = codim Jc(|t'|) < codimJ(7'(f) = hc'{v). □ 

2.4. Motivic Poincare series. Following fSl, we define the motivic Poincare series of a plane 
curve singularity C = U[^^Cj by the formula 

It follows from the results of [|5l that this definition agrees with the integral (|1.0.2I ). In [7], 
and independently in flD^, the following properties are proved: Pg{ti, . . . ,tr;q) is a rational 
function with denominator HLil^ ~ hence 

r 

Pg{ti, ...,tr;q) := Pgih, ...,tr;q)- - Uq) 

i=l 

is a polynomial. Moreover, Pg satisfies the functional equation 

Pg{^, ...,^;q) = q-'^'^^Ut;'' ■ ^^(tu ...,tr; q). 
qti qtr ^.^ 

In lfT2]| this equation was deduced from (|2.3.2I) . Moreover, one can check that for g = 1 
one has Pgih, . . . ,tr;q = 1) = P{ti, . . . ,tr). An explicit algorithm of the computation of 
Pg{ti, . . . ,tr; q) in terms of the embedded resolution tree of C is provided in [7J. 
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2.5. Conclusion. By the above discussions, the following objects associated with a plane 
curve singularity carry the same amount of information: A, S, H, P and Pg. 

3. Central hyperplane arrangements 
3.1. Matroids and rank functions. 

Definition 3.1.1. (A) ( ^TJl ) Let Kq be a finite set. A function p, assigning a non-negative 
integer to any subset K C Kq, is called a rank function, if 

(1) < p{K) < \K\ (where \K\ denotes the cardinality of K). 

(2) If i^i C K2 thenp(iri) < p{K2). 

(3) For every pair of subsets Ki and K2 one has the following inequality: 

p{Ki n K2) + p{K, U K2) < p{K,) + p{K2). 

(B) A matroid is a finite set with a rank function on it. 

(C) The characteristic polynomial of a matroid M = {Kq, p) is defined as 

XM{t) = j2 

KcKq 

Remark 3.1.2. Some authors define the characteristic polynomial using the Mobius function 
of a matroid. This definition is equivalent to the present one, see e.g. [27, Theorem 2.4]. 

Let h{v) denote the Hilbert function of a plane curve singularity. Let us fix ii^o = {1, . . . , r} 
and for every v consider the following function on subsets of Kq: 

Pv{K) := h{y + ex) — h{v) = dim J{v)/ J{y + Ck)- 

Proposition 3.1.3. For every v the function p^ is a rank function on Kq. 

Proof. Property (1) follows from Lemma l2.2.3l Next, for Ki C K2 one has pv{K2) —py{Ki) = 
dim J(f + e_ft-J/J(f + e^a) > 0. To prove the third property notice that J{v + exiUKi) = 
J{v + Ci^J n J{v + 6x2), and J{v + exi) + J{v + 6^2) C J{v + exinKi)^ hence 

p,{K^) + p,{K2) - p.iKi U K2) = dim J{v)/{J{v + ck,) + J{v + e^J) > p.(i^i n K2). 

□ 

We will call p^ the rank function for a the "local matroid M^,". In the space J{v) we have r 
subspaces J{v + Cj) of codimension or 1. If f G iS, then the set of functions with valuation 
V can be represented as a complement of a hyperplane arrangement (cf. [12]). If v ^ S, then 
J{v) = J{v + Cig) for some iq, cf. Lemma [2. 2. 3[ Moreover, one has the following lemma. 

Lemma 3.1.4. Assume that .J{v) = J{v + ejg) for some iq G Kq. Then .J{y + ck) = J{v + 
&K + Gio)far any K <Z E with K ^ iq. Hence 

XmM = (-1)'^' ■ t'^(-+^^o)-M-+eK) = 0. 

Proof. Use J{v + ck + Gio) = J{v + ck) H J{v + ejg) for the first statement, and pairwise 
cancellation for the second one. □ 



POINCARE SERIES OF ALGEBRAIC LINKS AND LATTICE HOMOLOGY 9 

3.2. Central hyperplane arrangements and Orlik-Solomon algebras. 

Let us recall some facts about central hyperplane arrangements. Let be a vector space and 
let H. = {Til, . . . , Hr} be a collection of linear hyperplanes in V. For a set = {ai, . . . , a^} 
we define the rank function 

p{K) = codim(?^„, n . . . n T^^^J- 

Similarly to Proposition 13.1. 3 [ one can check that p is a rank function for a certain matroid. Let 
us denote by xn (^) its characteristic polynomial. 

Lemma 3.2.1. The class in the Grothendieck ring of varieties of the complement of UiTii in V 
equals 

where L denotes the class of the affine line. 

Proof Follows from the inclusion-exclusion formula: 

KcKo KcKo 

To the arrangement Ti one can associate the corresponding Orlik-Solomon algebra. Con- 
sider the anticommutative algebra £ generated by the variables zi, . . . , corresponding to 
hyperplanes. For any set K C Kq we consider the monomial z^ = Za-^ A . . . A Za,,, where 
K = {ai, . . . ,ak}. We can equip £ with the natural differential d sending to 1, namely 

k 
i=l 

Definition 3.2.2. We call the set K dependent, if the equations of the corresponding hyper- 
planes are linearly dependent. Otherwise K is called independent. 

The Orlik-Solomon ideal X is the ideal in £ generated by the elements dzx for all dependent 
sets K. The Orlik-Solomon algebra is the quotient A = £ /X. 

Theorem 3.2.3. f' lfTSl Theorem 5.2]) The integral cohomology ring of the complement V \ 
□[^^"Hj is isomorphic to the Orlik-Solomon algebra £/I. It has no torsion, and its Poincare 
polynomial is given by the formula 

p{n,t) = (-ty(^) . xni-t-') = 

KcKo 

As a corollary, we conclude that the homology of \ U^^iT-Li is defined by its class in the 
Grothendieck ring. The same is true for its projectivization (see below). 
We will need the following deformations of the differential on £. 

Definition 3.2.4. Let us define the following operator: 

k 

du : £[U] ^ £[U], duizK) = 

i=l 

where f/ is a formal parameter and K = . . . , a^}. 

Note that p{K)— p{K\{ai}) G {0, 1}, hence du decomposes into a sum of two components 
(3.2.5) du = do + Udu with do + di = d. 
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Lemma 3.2.6. The operator du is a dijferential on £[U], that is, dfj = 0. In particular, the 
following identities hold: 

d^o=dl = 0, dodi + dido = 0. 

Proof. Straightforward. □ 

Let J' and J'^ denote the subspaces of E spanned by the elements zk for all dependent, 
respectively independent subsets K. Clearly 8 = J ® J^. 

Lemma 3.2.7. The following statements hold: 

(a) fdia, Lemma 2.7) X = J + dj. 

(b) doJ^ = 0, hence Im do = d^J. 

(c) diJ C J, hence X = J + dJ = J + d^J. 

(d) Ker(9o = + \mdo. 

(e) There exist subspaces A d J , B C. such that Im c^o = A © 5. 

Proof. The claims (b) and (c) are clear. Let us prove (d). The inclusion + Im 9o C Ker 
is also clear, hence we need to prove that if 9o(0) = then there exists G such that 
(j) — (j) e Im((9o). 

Let us call Zi essential in a monomial Zi A z^, if p{{i} U K) = p{K) + 1, and redundant 
otherwise. Let us decompose (p = 2:1 A 0i + 2:1 A 02 + 03, where zi is essential in every monomial 
of zi A 01, redundant in every monomial of zi A (f)2, and 03 contains no Zi. 

Then 

(9o(0) =2:1 AV + 02 + <9o(03) 

for some tp, and neither 02 nor 9o(03) contain zi. Hence, if 9o(0) = then 02 = — 9o(03). 

Since zi is redundant in every monomial in zi A c?o(03), it is redundant in every monomial 
in zi A 03. Therefore 

do{Zi A 03) = 03 - A 9o(03) + ZiAT], 

where zi is essential in every monomial of 21 A r^. Indeed, if aj E K, z^^ is redundant in 
K {1} and essential in K, then zi is essential in U {1} \ {dj}- 
We conclude that 

- doi^zi A 03) = 2;i A (01 - 77) 

and 2:1 is essential in every monomial in the right hand side. Now9o(0) = — 21 A9o(0i— r]) = 0, 
hence 9o(0i — 77) = 0. Then we can repeat the procedure inductively replacing by 0i — 77, 
and 2:1 by 22, etc. At the end we reduce modulo Im(9o) to an element of 8 where all Zi are 
essential; such an element belongs to J^. 

Next, we prove (e). Recall that Imc^o = d^J and K is dependent iff p{K) < \K\. If 
the monomial zk' appears in 9o(2i^) then p{K) = p{K') and \K'\ = \K\ — 1. Therefore 
do{zK) e iip{K) = \K\ - 1, and do{zK) e J otherwise. □ 

We will need the following two results in the construction of lattice homology. 

Theorem 3.2.8. The Orlik-Solomon algebra is isomorphic to the homology of the differential 
do: 

H,{8, do) = 8/1 -H*{V\ \JWHi) . 
Proof. By Lemma [3. 2. 7 1 one has the isomorphisms 

Ker do = + Im do, Im do = doJ, 

hence 

H,{8, do) = {J^ + doJ)/doJ - J^/{doJ n J^) ~ 8/{J + doJ). 



POINCARE SERIES OF ALGEBRAIC LINKS AND LATTICE HOMOLOGY 1 1 

The last identity follows from the splitting in Lemma l3.2.7r e). Then use l3.2.7f c'). □ 

Remark 3.2.9. The space E is bigraded: the first grading assigns li^l to zk, and the second 
grading assigns p[K) to zk- It is clear that decreases the first grading by 1 and preserves the 
second grading, hence its homology are naturally bigraded. 

On the other hand, it follows from the proof of Theorem 13 . 2 . 8 I that H*{£, do) can be identified 
with a quotient of J'-^. Since J'^ is spanned by the independent monomials, the gradings 
induced by \K\ and p{K) coincide on H*{£, do). 

Let us describe the homological gradings on £^[f/] compatible with du- One can check that 
the equation 

(3.2.10) deg^iU'^ZK) = \K\ + A(m + p{K)) 

defines a unique grading on £^[f/] such that du has degree (—1) and the operator of multiplica- 
tion by U has degree A. 

Let P{l-L,t) and PiVH, t) denote the Poincare polynomials of the linear arrangement V \ 
U^^i'Hj and of the projective arrangement \ U^^^^P'Hj. 

Theorem 3.2.11. Let be the operator induced by di on H^{S, do). Then H^:{S[U], du) — 
Keidf C H^{£,do). Furthermore, the Poincare polynomial of H^,{£[U],du) in grading deg;^ 
is equal to 

(3.2.12) P{S[U],du,t) = P{Fn,t^+^). 

Proof. The following equation holds, cf. [19, Corollary 3.58]: 

P{'H,t) 



(3.2.13) P{¥n,t) 



l + t 



From (W. Lemma 3.42] one gets that df is acyclic on A := H^(£, do). Since by Theorem 
I3.2.8l the Poincare polynomial (in the grading induced by \K\) of A equals to PiT-L, t), and the 
operator df has degree —1, the Poincare polynomial of Ker df equals 

(3.2.14) PKer = 

Since du = do + Udi, there exists a spectral sequence starting from H^(£[U],do) = A[U] and 
converging to H^{£[U],du). It actually converges at E2 page, which is equal to 

H,{£[U],du) ^ H,{A[U],Udi) ~ Keidf. 

It follows from the Remark |3 . 2 . 9 1 that deg^^(zK) = (A + l)\K\ on A. The theorem now follows 
from the comparison of (13.2.131 ) and (13.2. 141 ). □ 

Example 3.2.15. Consider an arrangement of r generic lines through the origin in = M^. 
The differential du has a form 

duil) = 0, du{zi) = U, du{zi A zj) = U{zi- Zj), 

du{zK) = d{zK) for \K\>3. 

The homology of du is spanned hy 1, zi — Z2, ■ ■ ■ , zi — z^. On the other hand, FV \ FT-L is the 
complement to r points in CP\ homotopically equivalent to the bouquet of (r — 1) circles. 
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4. Lattice homology 

Lattice cohomology associated with the intersection lattice of a resolution of a normal surface 
singularity was introduced in [fTTl . as a topological invariant of negative definite plumbed 3- 
manifolds. For a possible generalization to algebraic knots, see the recent manuscript [|25l . In 
this section we introduce another homology theory associated with curve singularities, where 
the lattice and the corresponding weight function has a different nature. In order to make a 
distinction between the two cases we will call the present theory lattice cohomology of curve 
singularities via normalization. 

In fact, the definitions below extend identically to any, not necessarily plane curve singular- 
ity, that is, even for a germ (C, 0) which does not have any local embedded link in the 3-sphere. 

Let us fix a local plane curve singularity (C, 0), where C = Ci U ■ ■ ■ U Cr. Recall that 
V ^ h{v) denotes its Hilbert function for v ^TU . 

4.1. The lattice complex. We will use the cubes of the lattice U . Every such cube □(f , i^T), 
f G Z'', c -ft"o is defined as 

□ = U[v,K) = {x -.v <x < v^ex), dim □(t;, if) = \K\. 
Definition 4.1.1. We define the weight function of a cube by the formula 

/i(n) = max{/i(x) : X G □ n U}. 
Since h{v) is non-decreasing, in fact, one has h{^{y, K)) = h{v + e^). 

Let us denote by the set of all g-dimensional cubes (with their natural orientation). The 
oriented boundary of a cube (as in the classical cubical homology), can be written as 

dU{v, K) = Y,^,- U{v, K \ {z}), Si = ±1. 
We will abbreviate this equation as d{n) = ^ • ejOj. 

Definition 4.1.2. The lattice complex C~ is a free Z[[/]-module generated by all □ = □(!>, K) 
with the following Z[f/]-linear differential: 

(4.1.3) du{u) = ^5i[/'^(°)-^(°')n,. 

i 

One can verify that 5^ = (compare with lemma |3^2. 61 ). 

We set deg U = —2 and we introduce the homological grading of a generator by 

deg(t/^n) = -2k + dim(n) - 2h{n). 
Then du decreases the homological grading by 1. 

4.2. Filtration. 

Definition 4.2.1. We define the r-index filtration on the complex £ as follows: the subcom- 
plex C^{u) = C^(ui, . . . , Ur) is generated over Z[t/] by all the cubes □(f , K) with v y u. (It 
is easy to see that du preserves the filtration, so C^{u) is a subcomplex of for all u.) 

Theorem 4.2.2. 

(a) The homology of Cr [u] is isomorphic to Z[[/]. It is generated by the 0-dimensional cube 
at the lattice point u, which has homological degree —2h{u). 

(b) The inclusion C^{0) C induces an isomorphism at the level of homology. In particu- 
lar, the homology of is U\{J\. 
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Proof, (a) For every k > h{u) let us define the topological space Skiu) := U □(t', K), where 
the union is over those cubes from C^{u) (hence satisfying v ^ u) with /i(n(t>, K)) = h{y + 
^k) < k. (Here we think about □(f , K) as a cube in W .) By Corollary 12.3 .41 Sk{u) is compact. 

Similarly as in [17 , Theorem 3.1.12], we show the following isomorphism of Z-modules for 
any q E Z: 

(4.2.3) H,{C-{u))= H,iSk{u),Z). 

k>h(u) 
q' — 2k — q 

This can be proved as follows. Let C^,{Sk{u)) be the usual cubical chain complex of Sk{u). 
We define the Z-linear morphism $ : C~{u) — )■ (Bk>h{u)C*{Sk{u)) by f/'n(f , K) h-;- D{v, K), 
where the last cube n(v,K) is considered in C\K\iSkiu)) with k = I + h{v + ck)- This is 
a linear isomorphism. Indeed, any cube U{v,K) E CiK\iSkiu)) (where k > h{v + e^)) can 
be represented as ^{U^-^^''^'''<^U{v,K)). Moreover, if ^{U^U{v,K)) E C\K\{Sk{u)), then 
^{du{U^U{v,K))) = d<^{U^n{v,K)) E C\K\-i{Sk{u)) (where 9 means the usual boundary 
operator of C*). 

Furthermore, multiplication by U in £~ (u) corresponds to the operator induced by the in- 
clusion Sk ^ Sk+i at the level of ®k>h{u)C*{Sk{u)). 

Hence, $ induces a morphism at the level of homology. If the homological degree —21 + 
\K\ — 2h{v + ck) of U^n(v + ck) is denoted by q, then its homological class is sent by $ into 
where g' = \K\ and 2fc = 2{l + h{v + eK)) = \K\-q = q' -q. Hence K23h follows. 

Next, we prove that Sk{u) is contractible for all k. Indeed, h{v) is non-decreasing, hence if 
D{v,K) isinS'jfc(M),thenthesetS'fc(M) contains the whole parallelepiped {x : u ^ x ^ v+ck}- 
Such a space can be contracted to the lattice point u. 

In particular, in (|4.2.3I ) q' should be zero, k = —2k and k > h(u), and Ho(Sk) = Z. This 
means that Hq{C^{u)) is zero unless q = —2h{y) — 21 for / > 0, and in this case it it Z 
corresponding to the generator □(«, 0) considered in Sh{u)+h or, in the homology of C^{u), to 
the class of 0). Hence 

H,{C-{u)) = Z[U]-U{u,^). 

(b) For 1 <p < r define the sub-complex oi generated over Z[f/] by cubes U{v,K) 
with V = (f 1, . . . , Vr), Vi > Q fox 1 < i < p. Then = £"(0) and we also set := 
One checks that C is a homotopy equivalence, hence (b) follows by induction on 

p. □ 

Remark 4.2.4. A similar statement for the Heegaard-Floer homology HF~ has been obtained 
in f9^| for links such that the sufficiently large surgery of along its components is an L- 
space. Such a property is known for algebraic knots, see [8] and Propo sition 14 . 4 . 3 1 below. It is 
not known if this property holds for general algebraic links . 

4.3. Lattice homology (via normalization). 

Definition 4.3.1. We define the multi-graded complex gr = (Bv gr^ where 

gr^C- = C-iv)/®l^,C-{v + ei). 
and the homology groups HL~ = ®vHL^{v), where 

HL-{v) = H,{gi,C-). 



Theorem 13.2.31 and equation (|3.2.12l ) imply the following 
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Theorem 4.3.2. Consider the motivic Poincare series ofC 



K\'i V 



{U{v,K)) 



Pg{ti,...,U;q) = Y,HM)t\ where H,{q)= Y,^-^) ^_ 
Then the Poincare series ofgr^ Cr satisfies 

(4.3.3) P^-{t) := dimi7i(gr,£-) = {-t)-^^^) H^^-r^). 

i 

Proof. Assume v ^ S and set ^ Kq as in Lemma [3.1.4[ Let (p : gr^ — )• gr^ be defined 
by 

ifioeKcKo. 

Then (f) realizes a homotopy between the identity and the zero map, that is, du 4> + 4> du = id 
on gr^ Hence H^{gr^ C~) = 0. On the other hand, by Lemma 13.1.41 Hv{q) = too. 

Next, assume that v e S. Then J(f + ej) C J{v) is a hyperplane for any i. Let {£[U],du) be 
the complex associated with this hyperplane arrangement Hy, as in subsection 13.21 By (13.2.31) 
and (13.2.131) we have 

KcKo KcKo 

Let du ■ gij, £^ — )► gr^, £^ be the boundary operator induced by du ■ ^ C^- Then one 
has an isomorphism : gr^ — > £[U], ip{D{v,K)) = z^, such that dui> = ipdu- Hence 
H^{gT^C^) = H^{£[U]). Since U has homological degree (—2), by (13.2.101) the gradings on 
gr„ and £[U] are defined by the equations 

deg(t/"^ei^) = \K\ - 2(m + p.(K)), deg([/™n(t;, K)) = \K\ - 2(m + h{v + ck))). 

Since Pv{K) = h{v + e^^) — h{v), the isomorphism ^ has homological degree —2h{v). 
Hence, at Poincare polynomial level by (13.2.121) one gets the following equations: 

j--2h{v) 

4.-2h{v) 

Corollary 4.3.4. A point v belongs to the semigroup S if and only ifHL~{v) ^ 0. 

Proof. If f ^ S, the statement follows from the Lemma 13.1.41 Suppose that v E S, then 

h{v + Cj) = ) + 1 for all i and h{v + Ci^-) > h{v) + 1 for all subsets K. Therefore 
H^[q) = qh(v) hence 

P^'(t) = {-t)-^^'''>Hy{-t-^) = + . . . 

One can also check that the class of the point = n(v, 0) does not vanish in HL^{v). □ 

Remark 4.3.5. Consider the filtration {Fn}nez with sub-complexes F„ of where F„ is 
generated over Z[U] by cubes n(v, K) with l^;! > n. Then ®nFn/ Fn+i has a natural double 
grading, and in fact, it is isomorphic with gr £^ . This shows that there exists a spectral sequence 

= HL- = H,{giC-) ^ E^ = H,{C-) = Z[U]. 
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4.4. Example. One-component case. 

Suppose that C has only one component. Let us compute HL^{v) from its Hilbert function 
h{v). To simplify notations, we will abbreviate □(f , 0) = a^, □(!;, {1}) = a^. We have two 
different cases. 

a) If h{v) = h{v + 1) then du{otv) = civ, hence HL~{v) = 0. 

b) If h{v) = h{v + 1) — 1 then du{ay) = Ua^, hence HL^{v) = Z(a^). This generator 
has homological degree —2h{v). 

This means the following facts. 

\fv 

Z(at,) \fv E S (of homological degree —2h{v)). 



(4.4.1) HL~{v) 



Hence = E'^ = Z[U] (as a Z-module). 

It is interesting to consider the complex C^^Q too (obtained from via substitution U = 0), 
generated over Z by the cubes and boundary operator given by (|4.1.3I ) with substitution U = 0. 
Then H^{C^^q) = Z (generated by the zero dimensional cube oq). Moreover, the filtration 
:= Fn\u=o induces a spectral sequence, where F'^/ F^^-^ is generated over Z by all and 
ttv, and the only non-trivial components of the boundary map are the isomorphisms 7j{ay) — > 
Z(a^) for any v ^ S. In particular, the E^ is (Bves'^i'^v, ol^)- The non-trivial components of 
the : E^ ^ E^ operator are the isomorphisms Z{av) — )■ Z(at,+i) whenever both v and v + 1 
are elements of S. Hence the E'^ term of the spectral sequence 

{Zi{ay) ifvES and v — 1 ^ S (of homological degree —2h(y)) 
I^la^) if G 5 and f + 1 ^ 5 (of homological degree 1 - 2h{v)) 
otherwise. 

The parity of the homological degree provides a Z2 grading {_E^}eg{o,i} of E"^ (where e has the 
same parity as the homological degree). Then 

^(-l)^rank(E2(t;))r+^ = Ac(t). 

The E°° term is H^C^^q) = Z. 

The [/-action on HL^ is Ua^ = a^,+i ifv + leS, and Ua^ = otherwise. This description 
has the following consequences. 

(a) E'^ is supported in [0, fx], where /i is the Milnor number of C. 

(b) f /i — f is a symmetry of E"^ which preserves the e-degree. 

(c) From both HL~ and E"^ one can recover the semigroup S of C. 

(d) KeT{U)[v ^v + l]= Ef{v) and Coker(f/)[t; ^ v + 1] = E^{v + 1), hence 

^ Ef{v)[-1] HL-{y) HL-{y + 1) ^ El{v + 1) ^ 0. 

The above facts are compatible with [|2T1 171 regarding the Heegaard Floer homology. More- 
over, we have the following result. 

Proposition 4.4.3. For a locally irreducible plane curve singularity the homology HL~ is 
isomorphic as Z[U]-module to the Heegaard-Floer homology HF~ of its link. 

Proof. In follows from the results of ^21] that the homology HF'^ of an L-space knot are 
completely determined as Z[f/] -module by its Alexander polynomial. It is proven in [SJ that all 
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h-- - h {h + l)--(h + l) h--{h + 1) 



h---h h---h h---{h + i) 
(a) (b) (c) 

{h + 1)- -{h + 1) {h + 1)- -{h + 2) 



/) - - -(/i + 1) 
^ (d) 



(e) 



Figure 3 . Possible local behaviours of the Hilbert function 



algebraic knots belong to the class of L-space knots, hence one can use the algorithm from ["21] 
to compute their Heegaard-Floer homology. Finally, one can show similarly to [7 , Theorem 
6] that the algorithm from [21] agrees with the equation (14.4. II) . since the semigroup S can be 
reconstructed from the Alexander polynomial. □ 

4.5. Example. Two-component case. Let us compute the homology HL'^ for a two-component 
link. To simplify notations, we will abbreviate □(f , 0) = a^, □(f , {1}) = □(t', {2}) = 
□ (f , {1, 2}) = r^,. We have five different cases (see Figure|3]). 

a) h{v) = h{v + ei) = h{v + 62) = h{v + ei + 62). In this case we have 

du{av) = du{(5v) = ay, du(Ty) = - (3y, 

hence HL^{v) = 0. 

b) h(v) = h{v + ei) = h(v + 62) — 1 = h{v + ei + 62) — 1. In this case we have 

duicty) = ay,du{f3v) = Ua^, du(Ty) = Uay - I3y, 

hence HL^{v) = 0. 

c) h{v) = h{v + ei) — 1 = + 62) = h{v + 61 + 62) — 1. Analogously to (b), HL~{v) = 0. 

d) h{v) = h{v + ei) — 1 = h{v + 62) — 1 = h{v + ei + 62) — 1. In this case we have 

du{oiv) = du{f3y) = Uay, du(Ty) = Uy - (5y, 

hence HL^{v) = l^{ay) of homological degree —2h{v). 

e) h{v) = h{v + ei) — 1 = h{v + 62) — I = h{v + ei + 62) — 2. In this case we have 

dui^v) = du{/3y) = Uay, duiTy) = Uay - U/3y, 

hence HL^{v) = TL{ay, ay — (3y) of homological degrees —2h{v), —1 — 2h{v). 

In the cases (a)-(c) the point v does not belong to the semigroup S, so HL^ = 0. In case 
(e) the Euler characteristic of HL~{v) (and the corresponding coefficient in the Alexander 
polynomial) vanishes, but the homology and the coefficient in the motivic Poincare series do 
not vanish. This case appears, for example, for all v in the conductor of C . 

Using this computation and Figures [T] and |2l one can compute the HL^ for the singularities 
of types ^3 and D^. The analogous computation for the two-component singularity A2n-i 
agrees with the computations of the Heegaard-Floer homology in If23l . 
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